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Abstract. In this paper, we shall show that the metric boundary of the Te- 
ichmiiller space with respect to the Teichmiiller distance contains non-Busemann 
points when the complex dimension of the Teichmiiller space is at least two. 

1. Introduction 

1.1. Metric boundary and horofunction boundary. The metric boundary of 
a metric space was defined by M. RiefFel in [20' as the boundary of a metric com- 
pactification. The metric compactification of a metric space (M, p) with the base 
point xq G M is the compactification given via Gelfand's theorem as the maximal 
ideal space of the C*-algebra generated by constant functions, continuous functions 
vanishing at infinity, and continuous functions which form 

Vvi^) = p{x,Xq) - p{x,y) 

for all y G M. He observed that the metric compactification is naturally identified 
with the compactification given by M. Gromov in |6], which recently called the 
horofunction compactification (cf. §4 in |20j . See also §8.12 of Chapter II in [2]). 

In |20], he also defined geodesic- like sequences in a metric space with the base 
point, which called almost geodesies (cf. §3.2p . He observed that any almost ge- 
odesic admits the limit in the metric boundary. He defined Busemann points in 
the metric boundary as the limits of almost geodesies, and posed a question which 
asks to determine whether every point in the metric boundary of a given metric 
space is a Busemann point (see the paragraph after Definition 4.8 in [2Q]). For 
this problem, C. Webster and A. Winchester [23] gave geometric conditions which 
determine whether or not every point on the metric boundary of a graph with the 
standard path metric is a Busemann point, and an example of a graph which admits 
non-Busemann points in its metric boundary. 

1.2. Results. Let X be a Riemann surface of type ((7,ri) with 2g — 2 + n > 0. 
The Teichmiiller space T{X) of X is a quasiconformal deformation space of marked 
Riemann surfaces with same type as X. Teichmiiller space T{X) admits a canonical 
distance, called the Teichmiiller distance dx (cf. [J2?3]). 

The aim of this paper is to show the following. 

Theorem 1.1 (Non-Busemann points) . When 3g — 5 -\- n > 2, the metric boundary 
of the Teichmiiller space with respect to the Teichmiiller distance contains non- 
Busemann points. 
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When 3g — 3 + n = 1, the Teichmiiller space equipped with the Tcichmiillcr dis- 
tance is isometric to the Poincare hyperbohc disk. Hence, every point in the metric 
boundary is a Busemann point. Furthermore, in this case, the metric boundary 
of the TeichmiiUer space equipped with the Teichmiiller space coincides with the 
Thurston boundary (cf. e.g. 16i). 

Recently, in [22], C. Walsh defined the horofunction boundaries for asymmetric 
metric spaces, and observed that the horofunction boundary of the Teichmiiller 
space with respect to the Thurston's (non-symmetrized) Lipschitz metric is canoni- 
cally identified with the Thurston boundary. He also showed that every point in the 
Thurston boundary is a Busemann point with respect to the Thurston's Lipschitz 
metric (cf. Theorem 4.1 of [22)). 

The Thurston's Lipscthiz metric is the length spectrum asymmetric metric with 
respect to the hyperbolic lengths of simple closed curves, meanwhile the Teichmiiller 
distance is recognized as the length spectrum metric with respect to the extremal 
lengths of simple closed curves via Kerckhoff's formula (cf. (|2.5[) . See also 11 ). 
Since hyperbolic lengths and extremal lengths are fundamental geometric quantities 
in the Teichmiiller theory, it is natural to compare properties of these two distances. 
Theorem 11.11 and Walsh's results above imply that the asymptotic geometry with 
respect to the Teichmiiller distance is more complicated than that with respect to 
the Thurston's Lipschitz metric. 

It is known that the metric boundary of a complete CAT(0)-space consists of 
Busemann points (cf. Corollary II. 8. 20 of jSj). Therefore, we conclude the following 
which is already well-known (cf. 14 ). 

Corollary 1.1. When 3g ~ 3 + n > 2, the Teichmiiller space equipped with the 
Teichmuller distance is not a C AT {0) -space. 

1.3. The Gardiner-Masur boundary. Let S be the set of homotopy classes of 
non-trivial and non-peripheral simple closed curves on X. We denote by Exty(a) 
the extremal length of a for y G T{X) (cf. i j2.3.ip . In a beautiful paper [S], F. 
Gardiner and H. Masur proved that the mapping 

T{X) 3y^[S3a^ Exty{a)^/^] e PM+ 

is an embedding and the image is relatively compact, where M_|_ — {x > 0} and 
PM'^ = {R'l - {0})/R>o. The closure of the image is called the Gardiner-Masur 
compactification and the Gardiner-Masur boundary daMT{X) is the complement 
of the image from the Gardiner-Masur compactification. They showed that the 
Gardiner-Masur boundary contains the space VMF of projective measured folia- 
tions (cf. Theorem 7.1 in [5]). 

In [12[ . L. Liu and W. Su have shown that the horofunction boundary with 
respect to the Teichmuller distance is canonically identified with the Gardiner- 
Masur boundary of Teichmiiller space. Hence, to conclude Theorem ll.li we will 
show the following. 

Theorem 1.2 (Non-accessibility via almost geodesies). When 85 — 3 + n > 2, the 

projective class of a maximal rational measured foliation can not he the limit of any 
almost geodesic in the Gardiner-Masur compactification. 

In contrast, from Theorem 7.1 in [5| and Theorem 3 in [18] . when a measured 
foliation G is either a weighted simple closed curve or a uniquely ergodic measured 
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foliation, the projective class [G] is the limit of the Teichmiiller ray associated to 
[G], and hence it is a Busemann point with respect to the Teichmiiller distance. 

In [T7] , the author have already observed that any Teichmiiller geodesic ray does 
not converge to the projective class [G] when G is a rational foliation whose support 
consists of at least two curves. However, the author does not know whether this 
induces Theorem 11.21 



This paper is organized as follows. In §2, we recall the definitions and properties 
of ingredients in the Teichmiiller theory, including the extremal length and the 
Teichmiiller distance. In §3, we discuss the metric boundaries of metric spaces, and 
check that any almost geodesic converges in the Gardiner-Masur compactification. 
Though this convergence follows from properties of the metric boundary and Liu 
and Su's work in [1^, we shall give a simple proof of the convergence from the 
Teichmiiller theory for the completeness of readers. 

We treat measured foliations whose projective classes are the limits of almost 
geodesies in §4 and §5. Indeed, in §5, we will observe that when a measured foliation 
whose projective class is the limit of an almost geodesic has a foliated annulus as its 
component, any simple closed curve is not so twisted in the characteristic annulus 
corresponding to the foliated annulus through the almost geodesic (cf. Lemma [5?2|) . 
This is a key for getting our result. In §6, we give the proof of Theorem 11.21 bv 
contradiction. Indeed, under the assumption that the projective class of maximal 
measured foliation G is the limit of an almost geodesic, we calculate the limit of 
a given almost geodesic, but we can check that the limit can not be equal to the 
boundary point induced from the intersection number function with respect to G. 
For getting the limit, we will apply the Kerckhoff 's calculation in [9] of the extremal 
length along the Teichmiiller ray. One of the reason why the Kerckhoff 's calculation 
works is such non-twisted property of simple closed curves along the core curve of 
the characteristic annuli discussed in §5 (see i j6.3.1l) . 

2. Extremal length and Teichmuller theory 

2.1. Extremal length. Let F be a family of rectifiable curves on a Riemann sur- 
face R. The extremal length of F (on R) is defined by 
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(2.1) Ext(F)=sup. 

P Mp) 

where supremum runs over all measurable conformal metric p = p{z)\dz\'^ and 
Lp{T) = inf / p{zy/^\dz\ and A{p) = [ p{z)dxdy. 

The extremal length is a conformal invariant in the sense that 

(2.2) Ext(/i(F)) < ii:Ext(F) 

for a A'-quasiconformal mapping h : R ^ h{R), a Riemann surface R, and a family 
F of rectifiable curves on R. 

Proposition 2.1 (See jlj). Let Fi and F2 be two families of rectifiable curves on 
a Riemann surface R. 

(1) // any curve in Fi is contained in a subdomain Di of R, the extremal length 
o/Fi on R is equal to the extremal length o/Fi on Di. 

(2) // any curve in F2 contains a curve in Ti, Ext(Fi) < Ext(F2). 
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(3) // curves of Ti and T2 are mutually disjoint, Ext(ri + > Ext(ri) + 
Ext(r2). 

where Ti + r2 = {71 + 72 | 7i ^ ^ i] ■ 

2.1.1. Extremal length and modulus of annulus. For an annulus A, we denote by 
Ext (A) the extremal length of the family of simple closed curves which homotopic 
to the core curve of A. The modulus of A is the reciprocal of the extremal length 
of A. If A is conformally equivalent to the flat annulus {ri < \z\ < r2}, it holds 
that Mod(A) = (log(r2/ri))/27r. 

Proposition 2.2 (cf. Proposition 9.1 of [T7]). Let A be an annulus. Let {Pk}k=i 
mutually disjoint Jordan arcs joining components of dA such that j3k-i and f^k+i 
divides j5k from the other arcs (set Pn+i = Pi)- Let Tk be the set of paths in 
A — U^j^^fe connecting /3k and Pk+i- Let p be the extremal metric for Ext(A) on A 
such that A(p) = 1. Suppose that the p-length of j5k is bounded for all k — 1, ■ ■ ■ ,N. 
Then, 

Ext(A)i/2 < f ^^Ext(rfc)j 
where B is the totality of p-lengths of /3k 's. 

2.1.2. Extremal lengths of simple closed curves. For a Riemann surface Y and a 
simple closed curve /3 on Y, we define the extremal length Exty(/3) of /? on Y is 
the extremal length of the family of rectifiable closed curves on Y homotopic to /3. 
The extremal length is characterized geometrically as 

(2.3) Exty(^) = l/sup{Mod(A)} = inf Ext(A) 

A A 

where A runs all annuli on Y whose core is homotopic to /3 (cf. e.g. [9] and j21|). 

2.2. Measured foliations. The formal product ® S = {ta | t > 0, a e 5} is 
embedded into via the intersection number function: 

R+ (K> 5 9 to H> h^> ti{a,/3)] e M+. 

The closure AiJ' — A4J-'{X) of the image in M.'^ is called the space of measured 
foliations on X. The space VMJ- = 'PM.T{X) of projective measured foliations 
is the quotient space {MF — {0})/]R>o. It is known that MF and VAiJ- are 
homeomorphic to R6g-6+2n g&g-7+2n ^ respectively (cf. [3]). It is also known 
that when we put «(to, s/3) — ts i{a, /3) for ta, s/3 £ R+ (8>iS, the intersection number 
function extends continuously on AiT x AdF. To a measured foliation G, we 
associate a singular foliation and a transverse measure to the underlying foliation 
(cf. [3]). In this paper, we denote by G the integration of the corresponding 
transverse measure over a path /3. 

A measured foliation G is called rational if G satisfies 

k 

i{(3,G) = y^^Wii{(3,ai) 

i=l 

for some Wi > and ai £ S such that i{ai, aj) — and Ui 7^ Uj for i, j = 1, ■ ■ ■ ,k 
with i ^ j. We write G — X^iLi "^kCtk for such measured foliation. A rational 
measured foliation G = X)i=i ''^kctk is maximal if any component oi X — ujLj^ai is 
a pair of pants. In this case, fc = 3^ — 3 + n. 
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In [9], S. Kerckhoff showed that when we put Extjf = i^Extx(/3) for tp £ 
R+ ® S, the extremal length extends continuously on MT. We define 

MTi = {Fe MT I Extx(F) = 1}, 

which is homeomorphic to VAAF via the projection M.T PA4T. 

In [T^, Y. Minsky showed the following inequality, which recently called the 
Minsky's inequality: 

(2.4) i{F,G)^ < Extx{F)Ex±x{G) 

for all F,G e MJ- (cf. Lemma 5.1 of [H]). From Theorem 5.1 in [5], Minsky's 
inequality is sharp in the sense that for any G G MJ- — {0}, there is an F ^ A4J-' 
which satisfies the equality in (|2.4I) . 



2.3. Teichmiiller space. The Teichmiiller space T{X) of X is the set of equiva- 
lence classes of marked Rieniann surfaces (y, /) where y is a Riemann surface and 
f : X ^ Y a, quasiconformal mapping. Two marked Riemann surfaces (Yi, /i) and 
(^21/2) are Teichmiiller equivalent if there is a conformal mapping h : Yi ^ Y2 
which homotopic to /2 o fi^ ■ Throughout this paper, we consider the Teichmiiller 
space as a pointed space with the base point xq = {X, id) . 

2.3.1. Teichmiiller distance and Kerckhoff 's formula. The Teichmiiller distance be- 
tween yi — (Yi,/i) and ?/2 = (5^2, /2) S F{X) is, by definition, the half of the 
logarithm of the extremal quasiconformal mapping between Yi and Y2 preserving 
markings. 

In [9 , S. Kerckhoff gave the geometric interpretation of the Teichmiiller distance 
by using the extremal lengths of measured foliations as follows. For F E J\AJ- and 
y — (Y, /) G T{X), we define the extremal length of on y by 

Exty(f^) =Exty(/(F)). 

Then, the following equality holds: 

. X , / s 1 , Ext„, iH) 1 , Ext„, iH) 

2.5 dT yi, 2/2 = X log sup = - log max . 

The Teichmiiller space is topologized with the Teichmiiller distance. Under this 
topology, the extremal length of a measured foliation varies continuously on T{X) 
from the conformal invariance 



2.3.2. Quadratic differentials and Hubbard-Masur's theorem. For a holomorphic 
quadratic differential q = q{z)dz'^ on a Riemann surface Y, we define a singular 
fiat metric \q\ ~ \q{z)\\dz\'^. We call here this metric the q-metric. 

In 7 , Hubbard and Masur observed that for y = (Y, /) G T{X) and G G 
AiJ- — {0}, there is a unique holomorphic quadratic differential Jcy on Y whose 
vertical foliation is equal to f{G). Namely, 

z(/3,G)= inf / Reyja^ 

holds for all /3 G iS. In this case, we can see that 

Ext,(G) = ||JG,,||-^|JG,,|. 

Namely, the extremal length is the area of the Jc^y-metric. When G = G 5, we 
call the differential Jjj^y the Jenkins- Strebel differential for f3. 
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2.4. Teichmiiller rays. Let x = (X, /) £ T{X) and [G] G VMT. By Ahlfors- 
Bers theorem, we can define an isometric embedding 

[Q,^)3t^ RG,xo{t) eT{X) 

with respect to the Teichmiiller distance by assigning the solution of the Beltrami 
equation defined by the Teichmiiller Beltrami differential 

(2.6) tanh(i)^^^ 

for i > 0. We call Rg,xo the Teichmiiller (geodesic) ray associated to [G] G VAdJ-. 
Notice that the differential (j2.6|) depends only on the projective class of G. It is 
known that 

VMTx [0,oo) 3 {[G],t)^RG,xo{t)eTiX) 
is a homeomorphism (cf. 8 ). One can see that 

(2.7) Extfl,^,^^(,)(G) = e-2*Ext.„(G) 
for G G MI'. 

2.5. Gardiner-Masur boundary revisited. For y G T{X), we let Ky — e^'^^^^",!;)^ 
Consider a continuous function on A4J- 

.,.>-{^)"\ 

for y G T{X). Then, in [17], the author observed that for any p G dGMT{X), there 
is a function £p on such that the function S 3 (3 t-^ ^p{P) represents p and when 
a sequence {yn\n C T{X) converges to p in the Gardiner-Masur compactification, 
there are to > and a subsequence {ynj}j such that £y^^ converges to £p uniformly 
on any compact set of A4J-. 



3. Metric boundary and horofunction boundary 

3.1. Metric boundary and horofunction boundary. Let {M,p) be a locally 
compact metric space. Let G{M) be the space of continuous functions on M, 
equipped with the topology of uniform convergence on compact subsets of M. Let 
Gh.(M) be the quotient space of G{M) via constant functions. For y € M we set 
Tpyix) — p{x,y). Then, M 9 y i— 7/;^ is a continuous embedding into G{M). This 
embedding descends a continuous embedding into G*(M). The closure C£{M) C 
G* (M) of the image of this embedding is called the horofunction compactification 
and the complement Ci{M) \ M is said to be the horofunction boundary of M 
(cf. [5], and [10]). M. Rieffel pointed out that the metric boundary of M is 
canonically identified with the horofunction boundary of M as discussed in the 
introduction (cf. §4 in [20]). 

In [H], L. Liu and W. Su showed that the horofunction compactification of the 
Teichmiiller space with the Teichmiiller distance is identified with the Gardiner- 
Masur compactification. 
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3.2. Almost geodesies. Let {M,p) be a metric space. Let T C [0, oo) be an 
unbounded set with G T. A mapping 7 : T — A/ is said to be an almost geodesic 
if for any e > there is an > such that for all t,s ^ T with t > s > N , 

\p{l{t),-f{s))+p{^{s)r/m-t\<e 

(cf. Definition 4.3 of [ID])- By definition, any geodesic ray is an almost geodesic. 
When {M, p) is a pointed metric space, we assume in addition that 7(0) is the base 
point (cf. the assumption of Lemma 4.5 in |20|). By definition, for an unbounded 
subset To cT with eTq, the restriction 7 \to ■ To — > M is also an almost geodesic. 
We call the restriction a subsequence of an almost geodesic 7 : T — >■ M. A point of 
the metric boundary or the horofunction boundary of M is said to be a Busemann 
point if it is the limit of an almost geodesic (cf. Definition 4.8 of [20j). 



3.3. Convergence of almost geodesies. In this section, we shall check that 
any almost geodesic in T{X) converges in the Gardiner-Masur compactification. 
Though this follows from a fundamental property of the metric boundary (cf. [20]) 
and Liu and Su's work [12j , we now try to give a simple proof from the Teichmiiller 
theory and it seems to be intriguing in itself. Notice that the author observed in 
[l8] that any Teichmiiller ray RG,x{t) admits the limit for all [G] G VM.F by the 
different idea. 

Let 7 : T -T- T{X) be an almost geodesic with the base point xq G T{X). By 
definition, 7 satisfies that 7(0) = xq and for any e > 0, there is an N such that 

(3.1) |dT(7(i), 7(s)) + drhis), 7(0)) - t\ < e 

for all t > s > N. From KerckhofF's formula (|2.5p . (|3.1I) is equivalent to 

Ext^(4)(i/)l/2 



(3.2) 

In particular, we have 
(3.3) 

when we set s = t in 

Ext, 



e* < max 



7(s) - 



Therefore, we deduce 



7(s) — - 



Ext^(,)(i?)l/2 



1/2 

7(t)' 



and hence 
(3.4) 



f^(t)(F) <e^^£:^(,)(i?) 



for aU H e MT and t > s > TV. 
We set 

^^'(^) = inf^,(,)(F) 

for F € A4T. From p.4p . for all /3 G 5, the limit of any converging subsequence in 
{f^(t)(/3)}tgT coincides with £'{I3), which implies that 7 : T ^ T{X) converges in 
the Gardiner-Masur compactification as t — ?> 00. 
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4. Measured foliations as Busemann points 

Let G G AAJ-i. Suppose that the projective class [G] is a Busemann point in the 
horofunction compactification of Teichmiiller space with respect to the Teichmiiller 
metric. By definition and Liu and Su's work 112], there is an almost-geodesic 
7 : r — T{X) such that 7(i) — > [G] in the Gardiner-Masur closure. This means 
that there is a to > such that ^^(t) converges to toi{-,G) uniformly on any 
compact sets of MT. We take Gt G MJ-i with RGt,xa[dT[xQ,^{t))) = ^{t). 

Lemma 4.1. Under the notation above, it holds to = 1. 

Proof. Let Goo be an accumulation point of {Gt}t^T- By taking a subsequence if 
necessary, we may assume that Gt converges to Goo- Let a € S. From p.7|) and 
(|3.3p . we have 

i(a,Goo)= lim z(a,Gt)< lim Ext^(t) (a)i/2Ext^(t) (Gt)!/^ 

(4.1) = e2'to«(a,G)- 
Since e > is taken arbitrary, we get 

(4.2) z(a,Goo) < «(a,toG) 

for all a G iS. Thus, it follows from the Marden-Strebel's minimal norm property 
that 

(4.3) 1 = Ext,„(Goo) = II Jg^,.oII < II^C.oll = tl\\JG,.,\\ = tl 
and hence to > 1 (see Theorem 3.2 of [13]. See also [4]). 

From dnSl), by dividing every term in by k]^^^^ = gdr(a:o,7(t)) and letting 

t ^ c», we get 

(4.4) e-2-< max ^"'^^'^j max Ext^(,)(i/)i/2 < e^^ 

for s > N. From Minsky's inequality (|2.4p and Kerckhoff 's formula, we have 
«(^f,G) i(i/,G) ^ ^ .^,1/2 

max ; -rjrr = SUp ; -rjrr — Fxt-,C,-|(G) ' 

HGA^^l Ext^(,)(ff)l/2 He^/_{o}Ext^(,)(ff)l/2 ^ 

and 

Hence, we get 

toExt^(,)(G)i/2 < e3'e-^ 

On the other hand, from the distortion property, Ext^(s)(G)^/^ > e~'^e~^ holds in 
general. Therefore, we have 

(4.5) toe-'^e"'* < toExt.^(,)(G)i/2 < e^'e'' 

and to < 1, which is what we wanted. □ 

From the proof of the lemma above, we also observe the following. 
Corollary 4.1. Gt converges to G as t ^ oo. 
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Proof. Let Goo be an accumulation point of {Gt}teT as above. Recall from ()4.2|) 
and Lemma 14.11 above that i{a,Goo) < i{a,G) for all a €z S. Since ||JGoo,a:oll = 
1 = ||'^G,a:oll7 by the calculation in (|4.3|) and the conclusion from the equality of the 
minimal norm property, we get Jg^,xq = •^0,2:0 and Goo = G. □ 

Notice from (|4.5p and Lemma H?T] that 

(4.6) lim II JG.7(t)|| • K^(t) = lim Ext^(t)(G) • K^(t) = 1- 

>oo ■ ' V / i— >oo 

5. Measured foliations with foliated annuli 

In this section, we devote to give asymptotic behaviors of moduli of characteristic 
annuli corresponding to foliated annuli and the twisting number of closed geodesies 
on the characteristic annuli. These observations will be used for proving Theorem 
11.21 in the next section. 

As the previous section, we continue to suppose that the projective class [G] 
of G € M.Fi is the limit of an almost geodesic 7: T — ?■ T{X). Throughout this 
section, we suppose in addition that G has a component of a foliated annulus with 
core a e 5. Namely, G = w^a + F for some wo > and F G J\AJ-. For the 
simplicity, we set Jt — Jc-yit)- Let ^{t) — (Yt,ft) for i G T and At C It be the 
characteristic annulus of Jt for a. 

We now fix a notation. For two functions f{t) and g{t) with variable t, f{t) x g{t) 
means that f(t) and g{t) are comparable in the sense that there are positive numbers 
Bi and B2 independent of the parameter t such that Big{t) < f{t) < B2g(t). 

5.1. Moduli of characteristic annuli. The asymptotic behavior of the modulus 
of At is given as follows. 

Lemma 5.1. Mod{At) x K-y{t) as t ^ 00. 

Proof. By (jO)) . 

Mod(At) < 1/Ext^(t)(a) < A'.^(t)/Ext^„(a) 
for aU t G T. In addition, by (|46|) . 

l/Mod(At) = l.,,{a)/wa = w^''{Jt -area of At) 

< w^'WJtW = w^'Ext^^t){G) X X-i) 
as t 00. □ 

5.2. Twisting numbers of paths in flat annuli. We here define the twisting 
numbers of proper paths in fiat annuli. Let be the Euclidean circle of length 
L. Let A = [0, m] x §^ be a flat annulus. Let /3 C A be an (unoriented) path 
connecting components of dA. Take a universal cover [0,to] x M — > A. Let /3 he a 
lift of (3. Let (0,?/i), (m, 1/2) € [0, m] x M be the endpoints of /?. Then, we define a 
twisting number tw A{f3) of /3 in A by 

twA(/3) = \yi - ?/2|/i- 

One can easily check that the twisting number is defined independently of the choice 
of lifts. 
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5.3. Twisting numbers of geodesies. Let /3 E S with 13 ^ a. For t G T, we 

set be the geodesic representative of (3 in Yt with respect to the Jj-metric. If 
Jt admits a flat annulus whose core is homotopic to /3, we choose one of closed 
trajectories in the flat annulus to define /3j*. 

Let f) At — {cTsls^i be the set of straight segment in /3j* in the part of At 
counting multiplicity, where no = Let {cjjj be a collection of maximal 

straight segments in \ U"^]^CTg, counting multiplicity. In this section, for a mea- 
sured foliation F and a path a transverse to the underlying foliation of F, we define 
i(cr, F) as the infimum of the integrals of the transversal measure of F over all paths 
homotopic to a rel endpoints. 

Lemma 5.2 (Twisting number). For s = 1, • • • , no, the twisting number of a] in 
At satisfies 

as t ^ 00. 

Proof. When uq — i{f3, a) — 0, the geodesic representative does not intersect 
the interior of At- Hence, the conclusion automatically holds. Therefore, we may 
assume that no 7^ 0. 

Let qt = Jt/\\Jt\\- Then, the vertical foliation Vq^ of qt is equal to || Jt||^^^^ G for 
all t € T. Especially, the Qi-height wt of the characteristic annulus At is equal to 
II Jt||~^/^ Wo- Let Hq^ be the horizontal foliation of qt- Since each a], is a gt-straight 
segment, 

ii<^l^yqt)= Vqt and i{al,Hq^)^ Hq^ 
for i = 1, 2. Hence, 

no 

(5.1) tqAPt) = E v*H,^,j^ + ^{<^iVq,Y + E v*K.^.J' + yq.y- 

s=l j 

Since ||9t|| = 1, iq.iPl) < Ext^(t)(^)i/2 from (gH). Therefore, 

\\Jt\\-'/MP,G)^l{f3,Vq,)<iqM) 

s=l i 
s=l j 

< Ext^(t)(/3)i/^ 
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Thus, we obtain 

no 



{P,G)<Y^^\\JAV{oiH,,y 



5-1 



Y.J\\Jt\\i{crlH,,y + \\JM<^lV,,f 



3 

no 



= J2 ^jK<^hHj,y +wl+Y, J^{<^],Hj,r + ^{<J], K/J 



s=l 



(5.2) < li /2Ext^(,)(/3)V2. 

From the assumption, Lemma 14.11 and (|4.6p , 

||J,r/2Ext,(,)(/3)V2 = (l + o(l))Ext,(,)(/3)i/V<,) - + 
tends to G) as t — > oo. Since 



we deduce from (j5.2l) that the summation 

(5.3) £ (Y/z(ai,i/,,J2 + ,„2 _ 

s=l ^ 

tends to zero as t ^ oo. Since every term in (15. 3p is non-negative, we get 

(5.4) \um{al,HjJ = Q 

t—^oo 

for s — 1, • • • , riQ. 

We now fix s = 1, • • • ,no. Let [0,wt] x M — [0,wt] x = be the univer- 
sal cover, where it is the gt-circumference of At. Let (0,yi) and (^4,2/2) be the 
endpoints of a hft of a] . From the definition, 

\yi - y2\ = i{<7l,Hq^). 

Since 

Mod(^t) = = ||Jt|r^/'u;o/^t = (1 + o(l))x'gu.o/^t, 
from Lemma |5. 11 we obtain 

(5.5) 

for s = 1, • • • , rij. Thus, it foUows from (|5.4I) that 
twA,(fT.^) = |yi - y2|/^t >c i{cjIh,,)k]{1 

= ||./t|rl/2j(a],i/^JifV2 ^ (l+o(l))*(f7l,i/jJif^(,) 

= o{K^(t)), 

which imphes what we wanted. □ 
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Figure 1 . The vertical foliation of qt around a typical component 
of Nf. The component iV/ and annuli Cf , C^'-' in the figure are 
taken and used in i i6.3.2l 

5.4. Twisting deformations on fiat annuli. In this section, we shall recall a 
canonical quasiconformal mapping of the twisting deformations along the core curve 
on a flat annulus (cf. [IS]). 

Let A — {e"^'^™ < l^l < 1} be a flat annulus of modulus m. For t > 0, we 
consider a quasiconformal self-mapping Wt of A by 

Wtiz)^z\z\-^. 

Then, the Beltrami differential of Wt is equal to 

dWr _ ~i{T/m) z dz 
^ ■ ' dWr ^ An ~i{T/m)zdz' 

We can check that 

(5.7) iw A{Wr{(T)) = tWA(CT) - T. 

Especially, when a proper path a h\ A has the twist parameter t, iw A{Wt{a)) — 0. 

6. Proof of Theorem 11.21 

In this section, we shall show Theorem II. 2 1 Throughout this section, we assume 
that G = YJl^iWiai is a maximal rational foliation and fc = 3g — 3 + > 2. As 
before, we also assume that the projective class [G] is the limit of an almost geodesic 
J : T T{X). We continue to use symbols given in the previous sections. 

6.1. Notation. Let Ai^t C Yt be the characteristic annulus of qt = >/t/||^t|| for ai. 

— 1/2 

Let Et be the critical graph of qt and consider the K^^^(^ -neighborhood Nt of Sf in 
Yt with respect to the qj-metric. Let A'^^ = Ai^t \ Nt (cf. Figure[T]). Since g^-height 
of Ai^t is (1 + o(l))i4r^^j^-|U'i, when t G T is sufiiciently large, is a well-defined 
foliated subannulus oi Ai^t with height 

(6.1) := (1 + o(l))i^^/,>. - 2K;1/^' X K'^/^y 
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Let 9v4° j — diA'^^ U ^2^° t- Since dA'^^ consists of closed leaves in Ai,t and the 
heights of the remaining annuli in Ai^t — A'^ ^ are at most K^^J^'^ , from ()5.5p . the 
moduli of remaining annuli in Ai^t — A'^ ^ are uniformly bounded, and hence 

Mod(^,,t) = Mod(^°t) + 0(1) 

as t -T- oo. 

6.2. Calculation of extremal length: Lower estimate. We take /3 G 5. We 
here devote to estimate the extremal length of /? from below. From now on, we 
suppose that i{/3, G) ^ 0. 

Let At be the characteristic annulus of the Jenkins-Strebel differential Jp.'^(t) 
for /3. Fix I = 1, • • • , fc. The intersection At D A^^ contains at least rii = i{f3,ai)- 
components {-D|}"J,i such that Dj contains a path connecting At H diA'^^ and 

Atnd2Al,. 

Let T{Dl) be the family of rectifiable curves in Dj connecting At H diA^^ and 
At n 92^°f Let pj be the restriction of the gt-metric to = U"l-^Dl. From ((Ot . 
any curve in ^(f;) has pj-length at most riiw'-f.. Since the critical graph of 

the Jenkins-Strebel differential of /3 on Yt has measure zero, 

Aipl) = [ Pl< (ktl-area of A^,) = ^,,t<,. 

By the definition of the extremal length, we have 

Ext (^T{Dl)^ > L,. (^TiDl)^ /Aipl) > (n,<,)V^M<t 

= n'^Mod{Alt) = n2Mod(v4,,t) + 0(1). 

Since any non-trivial simple closed curve in At traverses each between At^^lA'^^ 
and Atr\d2A''l ^, such simple closed curve contains a curve in ^i^D- Therefore, 
from (3) of Proposition we conclude 

k / Tii \ k 

(6.2) Ext^(,)(/3) > ^Ext [Y^V{D\) > ^ n2Mod(A..t) + 0(1) 

i=\ \i=\ / i=l 

as t oo. 

6.3. Calculation of extremal length: Upper estimate. Before discussing the 
upper bound, we deform Yt slightly as follows. For i — - ■ ■ , fc, we fix a component 
a\. of n Ai^f We put the Beltrami differential (|5.6p on each flat annulus Ai^t 
with T = tw^; J (o's )■ We extend the Beltrami differential to Yt by putting on the 
remaining part. Then, we obtain a quasiconformal deformation of Yt with respect 
to the Beltrami differential to get 7'(i) G TiX). By Lemmas 15.11 and 15.21 

(6.3) twA,,,(a]j/Mod(A,,t) ^0 
as t — )> cxD for all «, and hence, 

dT(7(<),7'W)^0 

when i ^ oo. This means that ^' (t) has the same limit as that of 7(t) in the 
Gardiner-Masur compactiflcation. Thus, for simplifying of the notation, we may 
suppose that 7'(t) = 7(i). 
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Notice from ()5.7p that after this deformation, the twist parameter of each al. is 
zero. Hence, any segment in (3^ D Ai^t has the twisting number at most one in Ai^t 
for all i, because /3 is a simple closed curve and any two segments in CiAi^t do not 
intersect transversely in A^.t. By taking a subsequence, we may assume that there 
is a (non-connected) graph Sq on X such that the making ft'.X^Yt induces an 
isomorphism Eq Sind St. 

6.3.1. The idea for getting an appropriate upper bound. To give an upper estimate, 
from (|2.3p . it suffices to construct a suitable annulus At on Yj whose core is ho- 
motopic to ft{P)- The procedure given here is originally due to S. Kerckhoff in 
[9], when a given almost geodesic 7 is actually a geodesic (See also §9 of 17J). We 
briefly recall the case when 7 is a geodesic. We first cut each characteristic annuli 
Ai^t of Jt into Ui = i(/3, ai)-congruent horizontal rectangles. The annulus At is 
made by composing appropriately such (slightly modified) ni-congruent horizontal 
rectangles and ties (quadrilaterals) in Nt (cf. (|6.5p ). We can take such ties with 
uniform extremal length (cf . Claim [ij . Then, by applying Proposition 12. 2[ we 
obtain an upper bound of the extremal length of At ■ 

One of the essential reason why we can get an appropriate upper bound in the 
case above is that, through the Teichmiiller ray associated to the projective class of 
G = X^iLi Wiai, there are "no" twisting deformation along ai on the characteristic 
annulus, because the Teichmiiller deformation is done by stretching in the horizontal 
and vertical directions. Indeed, the major part of the upper bound comes from the 
extremal length of congruent rectangles (cf. (|6.8p ). The 'no-twisting' property 
implies that the totality of the extremal lengths of such rectangles is equal to the 
major part of the lower estimate (|6.2|) (cf. ()6.7p ). 

In the case when 7 is an almost geodesic, we have already observed in ()6.3|) that 
/? is not so twisted on the characteristic annuli too much. Hence, we can apply the 
similar argument for getting an appropriate upper bound of Ext^^ (/?) . 

6.3.2. Ties {Bi}s. Since G is maximal, any component {j — 1, - ■ ■ , 2g — 2 + rt) 
of Nt is one of the three types: a pair of pants, an annulus with one distinguished 
point (a singularity of angle tt or a flat point), or a half-pillow with two cone 
singularities of angle tt (cf. Figure [2|). In the the case when is either an annulus 
or a half-pillow, we can deal with the same manner, and hence we now assume that 

is a pair of pants. 

1/2 

Notice from ()5.5|) that the length of any component of dN^ is of order K^^^^i^ 

with respect to the metric pj. :— \qt\j^j- For simplifying of the notation, we assume 

that components of dN^ are 0;^^ , , and . Then, the critical graph Ej n 
forms one of the graph in Figure [2] (cf. [3]). 

We make equally spaced ni,-cuts in 0;^, where n^, = z(/3, a^, ) {I — 1,2,3). Let 
C^^ be a component of \ which contains 0;.^, in the boundary. Let Cj^'"* be 

a subannulus of with height {2Kyf^t))~^^'^ and C C°'-'. We cut C°'-' along 
the vertical slits with endpoints in the ni,-cuts in cti, and get a family of Euclidean 
rectangles. Since the circumference and the height of C°'-' are of order {K^(^t))~^^'^ : 
the moduli of such Euclidean rectangles are uniformly bounded above and below. 

Claim 1 (See Figure [3|. There is a family {-B^}s of (singular) quadrilaterals such 
that 
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(1) Bi n C^^''' is a rectangle above for all s and I, 

(2) the arc system given by correcting cores of 's is homotopic to /3 D , 
where the core of B^ is a path in Bg connecting between facing arcs in 
Bl n dNi and 

(3) the extremal length of family of paths in Bl homotopic to the core is uni- 
formly bounded above. 

Proof of Claim\^ Notice from (|5.5p and the uniformity the moduh of {C|^}f^i that 
the conformal structure of Nl is precompact in the reduced Teichmiiher space. Since 
the intersection numbers {rii, are independent of we can take B^ such that 

— 1/2 

the width of each Bl with respect to the gt-metric are comparable with K^^J^ . By 
definition, the |qt|-area of each Bl is 0{K^^^^). 

From the reciprocal relation between the module and the extremal length for 
quadrilateral or Rengel's type inequality, the extremal length Ext(i?^ ) of the family 
of paths in B^ homotopic to the core satisfies 

(6-4) Ext(B^) < ,, ' i^'"'"'"?,, = 0(1) 

(|gt|-width)2 

for all s (see §4 in Chapter I of [10]). □ 

6.3.3. Construction of a model At of the extremal annulus. We divide each Ai^t 
into congruence Ui = ai)-rectangles {Ri,{\^^i via proper horizontal segments. 
We may assume that for any I and j, there is an s such that Ri^i fl C^'^ is congruent 
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Figure 4. Rectangles Ri^i and in the annulus Ai^f 
to nC°'^ We set 

(cf. Figure HI). Since twisting numbers of segments in /3(* n Ai^t on each Ai^t are at 
most one for all i, from (j5.6p and the Dehn- Thurston's parametrization of simple 
closed curves (cf. U), we can glue all Ai^t and Nt appropriately at the part C^'^ 
to get a Riemann surface and an annulus 

(6.5) ^; = (U,,,i?,?,)U(U,,,i?^") 

such that after deforming K/ by a quasiconformal mapping with maximal dilatation 
1 + o(l), we obtain and the core of the image At of the annulus A!t is homotopic 
to /t(/3). Thus, we conclude 

(6.6) Ext^,(/3) = Exty,(/4(/3)) < Ext(A) - (1 + o(l))Ext(^;) 

as t — > oo. Therefore, to get the upper estimate of the extremal length of (5 on j/j, 
it suffices to give an upper estimate of the extremal length of y^J . 

6.3.4. Estimate of extremal length of A'l- Let be the extremal metric on A't for 
the extremal length Ext(^() with A{pf ) = 1. Let {Su}u be a collection of all 
rectangles of form C°'-' CiBi for all s. By the same argument as Claim 1 in §9.6, 
we can see the following. 

Claim 2. For any u, there is a vertical line rj'^ in Su such that 

Ev(^«) = o(i) 



as t 



oo. 



Let us continue the calculation. Let {Du}u be a collection of components of 
A'l \ ^uV'u- By labeling correctly, dD^ contains rj'^ and rj'^^i, where rj'^ is labeled 
cyclically in u. By definition, each £)„ is contained in either R^i or for some 
i, l,j, s. Let r(£)„) be the family of paths connecting vertical segments rj'^ and 77(^+1. 
Let T(Ri^i) be the family of paths in Ri^i connecting vertical boundary segments. 
Since 



(6.7) Ext(r(i?,,i)) = (height of A,^t)/{kt/n,) = n,Mod(A,,t), 
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by (1) and (2) of Proposition [2?2] and Claim[2l we have 
Ext(^;)i/2 ^ Ext(r(Aj) j + 0(1) 



< ( Yl Ext(r(i?,,0) + E Ext(Bf) +0(1) 
<| E nMoA{Au) + 0{l)\ +0(1) 

/ k \ 

(6.8) = fE"*'Mod(A,^*) + 0(l)j 

Thus we get an upper bound of the extremal length of A!^ as we desired. 



6.4. Conclusion. From Lemma [531 by taking a subsequence if necessary, we may 
assume that y[oA{Ai^t) I K^i^t) tends to a positive number Mi for any i ~ 1, • • ■ , fc. 
From ([621), (EH), and dSS]), we deduce that 

(6.9) .(/3,G) =^hm (^^1^) = (E-?^^0 - (E^W,a. 



,i=l 



for all /3 ^ S. From the density of M+ Cg) 5 in A^J^, the above also holds for all 
measured foliations. Thus, for x,y > and /3i,/?2 G S with i(/3i,/32) = 0, by 
substituting /3 = a;/3i + to (|6.9|) . we get 

( E + 2 ( E ^^«"i,«"2,« ) xy + IE j 



1=1 



(a;i(/3i,G)+yz(/?2,G))2, 



where n^^i = i{/3j,ai). Therefore, the discriminant of the quadratic form above is 
zero. Namely, we have 

for all such /3i,/32 € S. Hence, two vectors 

(\/Mini,i, ■ • • , V'iWfeni^fe), (\/Ml"n2,i, • • • , \/Mfcn2,fe), 

are parallel for all /3i,/32 £ S with i(/3i,/32) = 0. However, this is impossible as we 
already observed in §6 of [17] . 
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